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A Game-Theoretic and Dynamical-Systems Analysis
of Selection Methods in Coevolution

Sevan G. Ficici, Ofer Melnik, and Jordan B. Pollack

Abstract—We use evolutionary game theory (EGT) to in-
vestigate the dynamics and equilibria of selection methods in
coevolutionary algorithms. The canonical selection method used
in EGT is equivalent to the standard “fitness-proportional” selec-
tion method used in evolutionary algorithms. All attractors of the
EGT dynamic are Nash equilibria; we focus on simple symmetric
variable-sum games that have polymorphic Nash-equilibrium
attractors. Against the dynamics of proportional selection, we
contrast the behaviors of truncation selection, ( ) ( + ),
linear ranking, Boltzmann, and tournament selection. Except
for Boltzmann selection, each of the methods we test uncondi-
tionally fail to achieve polymorphic Nash equilibrium. Instead,
we find point attractors that lack game-theoretic justification,
cyclic dynamics, or chaos. Boltzmann selection converges onto
polymorphic Nash equilibrium only when selection pressure is
sufficiently low; otherwise, we obtain attracting limit-cycles or
chaos. Coevolutionary algorithms are often used to search for
solutions (e.g., Nash equilibria) of games of strategy; our results
show that many selection methods are inappropriate for finding
polymorphic Nash solutions to variable-sum games. Another
application of coevolution is to model other systems; our results
emphasize the degree to which the model’s behavior is sensitive to
implementation details regarding selection—details that we might
not otherwise believe to be critical.

Index Terms—Coevolutionary algorithms, dynamical systems,
game theory, selection methods, solution concepts.

I. INTRODUCTION

THIS PAPER considers the dynamical and game-theoretic
properties of selection processes in coevolutionary algo-

rithms. Like any evolutionary algorithm (EA), a coevolutionary
algorithm is a population-based stochastic search method in-
spired by the principle of natural selection. Unlike an ordinary
EA, a coevolutionary algorithm evaluates individuals by having
them interact with each other, and the outcomes of these inter-
actions determine the individuals’ reproductive potentials. The
realization of reproductive potential is accomplished by a se-
lection method, which maps a set of (possibly nonscalar) eval-
uation results into a set of nonnegative scalars that specify the
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reproductive success of each individual, measured in numbers
of offspring; this mapping is often stochastic.

Many design choices go into the construction of a coevolu-
tionary algorithm, and each design choice potentially impacts
the algorithm’s behavior in significant ways, often by inter-
acting nonlinearly with other design choices. Each selection
method expresses selection pressure differently. The efficacy
of any given selection method (e.g., with respect to genetic di-
versity, convergence, and overall system performance) depends
upon other design choices, such as the genetic representation
and variation operators used in a system; this nonlinearity
ultimately requires a variety of selection methods to be handy.

Selection methods convert an ordering (possibly a partial or-
dering) of evaluation results into a total ordering of expected
numbers of offspring. While different selection methods use dif-
ferent mappings, the expected number of offspring for some
individual will never be less than the expected number of
offspring for some other individual if evaluation determines
that individual is a superior individual to . (Coevolution
research does include work that penalizes overly successful in-
dividuals in zero-sum games, e.g., [1] and [2]; we take an in-
dividual’s evaluation score to reflect all such additional pro-
cessing steps.) Thus, on a fundamental level, selection methods
are mutually consistent in their operation. This consistency sug-
gests a degree of interchangeability between selection methods
(their unique nonlinear interactions with the rest of the system
notwithstanding), at least for the simple framework in which we
will examine them, if not in real-world algorithms.

Coevolutionary dynamics are notoriously complex. To focus
on our attention on selection dynamics, we will use a simple
evolutionary game-theoretic framework [3] to eliminate con-
founding factors such as those related to genetic variation, noisy
evaluation, and finite population size. Evolutionary game theory
(EGT) thereby provides an elegant framework within which to
study the behaviors of the various selection methods that can be
used in a coevolutionary algorithm.

The canonical selection method used in evolutionary algo-
rithms has individuals replicate (i.e., create offspring) in pro-
portion to their evaluation score. This selection scheme cor-
responds to a standard replicator dynamic studied in EGT [3]
and population dynamics [4]. The game-theoretic properties of
the proportional-replication dynamic are well known [4]–[7]; in
particular, all point attractors of proportional selection are Nash
equilibria. Yet, many alternative selection methods are also used
in coevolutionary algorithms, and these methods have escaped
careful game-theoretic scrutiny. This paper aims to provide such
an examination.
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We investigate the properties of several common selec-
tion methods from a game-theoretic and dynamical-systems
perspective; the selection methods we discuss are propor-
tional selection, truncation, , linear ranking,
Boltzmann, and two types of tournament selection. These
alternative selection methods have been reviewed and studied
extensively in the context of “ordinary” evolutionary algorithms
(i.e., noncoevolutionary) [8]–[12]. But, how do these methods
behave (and compare with standard proportional selection)
in the context of a simple game-theoretic framework (and
coevolution)? Do they exhibit similar dynamics and promote
the same fixed-points and attractors?

Our investigation of selection dynamics employs simple
variable-sum games whose Nash equilibria require mixed
strategies, expressed as polymorphic populations. We focus on
the behavior of selection methods around polymorphic equi-
libria for three reasons (all made apparent in this paper). First,
polymorphic equilibria dramatically contrast the operation of
the different selection methods. Second, polymorphic equilibria
elicit nonintuitive and complex dynamics from most of the
selection methods. Third, a game is easily constructed to have
polymorphic equilibria. While proportional replication causes
our simplified coevolutionary system to converge onto Nash
equilibrium in our games, we find a variety of other behaviors
from the alternative selection methods we list above. Rather
than maintain the dynamics and Nash-equilibrium attractors
of proportional selection, the alternative selection methods
we test yield cyclic dynamics, non-Nash attractors, or chaos.
Only Boltzmann selection (and only at low selection pressures)
faithfully reproduces the attractors of proportional selection.

The conclusions to draw from our results hinge upon the
purpose for which the coevolutionary algorithm is constructed.
There are at least three ways in which to consider the opera-
tion of a coevolutionary algorithm. We can view the coevolu-
tionary algorithm as: 1) a search method (i.e., a problem solver);
2) a model of some other dynamical system; or 3) a dynam-
ical system in its own right. The results we present in this paper
have relevance and utility for each of these viewpoints. With
respect to search, our results show how many commonly used
selection methods can prevent conventional coevolutionary al-
gorithms from solving problems, where the solution is a poly-
morphic Nash equilibrium. With respect to modeling, our results
emphasize the degree to which the model’s behavior is sensi-
tive to implementation details regarding selection—details that
we might not otherwise believe to be critical. With respect to
dynamical systems, our results provide a novel view into the
behavior of selection methods that reveals ties to well-known
one-dimensional (1-D) maps.

We begin with an overview of EGT in Sections II–VI, with
the latter detailing the dynamics of the standard proportional
replicator. Sections VII–XIII examine various alternatives to
proportional selection. Section XIV considers our results with
respect to two prominent uses of a coevolutionary algorithm:
problem solving and modeling. In Section XV, we turn to the
literature and present case studies, where alternative selection
methods are used in a coevolutionary setting. Section XVI dis-
cusses future extensions to our analyses and Section XVII of-
fers a summary of our findings and concluding remarks. We in-

clude Appendices A–C to review the concept of the preimage,
the calculation of a dynamical system’s Liapunov exponent,
as well as a standard technique for analyzing the stability of
multidimensional differentiable maps. This paper expands our
earlier work [13], primarily by examining additional selection
methods, defining all selection methods in equational form, and
providing more extensive analysis and discussion.

II. EVOLUTIONARY GAME THEORY (EGT)

In conventional game theory, the strength of the Nash equi-
librium concept rests upon three vital assumptions: 1) all agents
are rational; 2) all agents have complete knowledge of their do-
main (i.e., the strategies available to all players and the payoffs);
and 3) the agents have common knowledge of these assumptions
(including this one). The stringency of these assumptions leaves
Nash equilibrium vulnerable to criticism because we can easily
imagine situations where any or all of these three assumptions
cannot realistically hold. Particularly, the assumptions of con-
ventional game theory are not met by most (if not all) biological
agents.

The central achievement of evolutionary game theory [3],
[14] is the introduction of an alternative motivation for the
Nash equilibrium concept—one that is liberated from the
strong requirements of rationality, knowledge of the game, and
common knowledge. In EGT, these requirements are replaced
by the principle of Darwinian evolution. A population of agents
can achieve Nash equilibrium through a process of natural
selection.

While EGT does away with certain assumptions, it makes
several new ones. The standard EGT framework is as follows.

1) We have an infinitely large population of agents, each
of which plays some pure strategy of the game being
investigated.

2) There is complete mixing; that is, every agent interacts
with every other agent and accumulates payoffs as it goes.

3) Game outcomes (payoffs) are noiseless.
4) After agent interaction is complete, agents reproduce in

proportion to their cumulative payoffs; reproduction is
asexual and without variation, hence, offspring are clones
of their parents. This latter assumption implies that strate-
gies absent from the initial population cannot appear later
in time.

The assumptions made by EGT are, of course, idealizations.
Nevertheless, one may argue that some natural systems suffi-
ciently approximate these assumptions to make the EGT for-
malism useful; for other systems, the gap between reality and
EGT’s idealizations is too wide, and the strong assumptions of
EGT need to be moderated in some way. The effects of weak-
ened assumptions on the behavior of the EGT framework have
been investigated (e.g., [15] and [16]); we discuss some of this
work in detail in Section XV.

The next sections present the EGT framework in detail.

III. 2 2 SYMMETRIC GAMES

We are interested in the behavior of selection methods with
respect to polymorphic Nash equilibria. The simplest games
that can have polymorphic equilibria are 2 2 symmetric vari-
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able-sum games for two players. The simplicity of these games
permits a clear exposition of selection dynamics without a loss
of generality for the results we present. (We discuss games with
more than two strategies and asymmetric games in Section XVI
and in follow-up work, in preparation).

A generic two-strategy payoff matrix for a symmetric vari-
able-sum game is shown in (1). By convention, the matrix en-
tries are payoffs to the row player; thus, to obtain a player’s
payoff, we treat that player as the row player and the other as
the column player. For example, if Player 1 uses strategy X and
Player 2 uses strategy Y, then the payoff received by Player 1 is
; the payoff for Player 2 is

(1)

(2)

As we state above, we assume an infinitely large population
of agents. Each agent in our infinite population plays one or
the other pure strategy—mixed strategies (stochastic behaviors
based upon probability distributions over the pure strategies) are
not allowed. Instead, we express a mixed strategy by the distri-
bution of pure strategies in the population; when a population
contains more than one of the game’s pure strategies, then the
population is polymorphic. Since we have only two pure strate-
gies, we can represent the state of our infinite population with a
single variable , which we will use to denote the proportion of
X-strategists in our population. The proportion of Y-strategists
is, therefore, .

Given a population state , the linear equations in (2) cal-
culate the cumulative payoffs and , received by X-
and Y-strategists, respectively (after complete mixing). We
can easily see that, as , the cumulative score
and ; as , the cumulative score and

.

IV. POLYMORPHIC EQUILIBRIUM

There exist exactly two payoff structures for the 2 2 matrix
(1) that create a polymorphic Nash equilibrium. Case 1 is where

and and Case 2 is where and ; note that
we move from one case to the other by simply swapping rows of
the payoff matrix (without swapping the columns). For reasons
that are made clear below, we are interested only in Case 2.

Clearly, Case 2 contains an uncountable infinity of games.
Further, if we select payoff values from a continuous random
variable, such that the four payoffs are independent and iden-
tically distributed (i.i.d.), then Case 2 will occur exactly with
probability 0.25 .
Thus, the games of interest in this paper are not rare (polymor-
phic equilibria become even easier to obtain in larger games).

The payoff structure of Case 2 implies that the two lines de-
scribed by (2) must intersect at some value of , where

. We know this because at and
at ; therefore, somewhere

in-between. We call this intersection a polymorphic equilibrium;

Fig. 1. Payoff structure of Case 2, where a < c and b > d, causes w to
intersect w for some value of p, where 0 < p < 1. (Figure adapted from [3,
p. 181].)

“polymorphic” because the population contains more than one
of the game’s pure strategies (which, for our 2 2 games means
that ), and “equilibrium” because all of the agents
in the population (and, hence, all the strategies that are being
played in the population) receive the same cumulative score.
Fig. 1 illustrates, without loss of generality, an example of poly-
morphic equilibrium.

A. Properties

We denote the proportion at which polymorphic equilibrium
is achieved as . To calculate the value , we set

and solve for ; the general form of the result is given
by (3). Case 2 has the following three properties: 1) it can have
no more than a single polymorphic equilibrium (because the
lines can intersect no more than once); 2) lies in the open
interval (0, 1); and 3) for each possible value of there exists
an uncountable infinity of games that map to it—a) the value of

is unchanged if we add a constant to all four payoffs (we
denote this constant as , below) and b) we can rotate the lines

and about their intersection at , keeping the slope of
less than that of , and obtain different games that share

the same value of . Properties 3a) and 3b) are easy to verify
both algebraically and visually

(3)

Away from polymorphic equilibrium (i.e., for ),
the cumulative payoff for one strategy must be greater than
that for the other. Below the equilibrium proportion (i.e., for all

), we see that . Therefore, when placed in an
evolutionary framework, all population states will be
acted upon by selection such that strategy is favored, causing
the value of to increase. A similar statement can be made for
population states , except that now ; selec-
tive pressure favors strategy , causing to decrease. Thus, we
may intuit that the effect of selection will be similar to that of
a negative feedback loop— always moves toward . Neg-
ative feedback is associated with stable dynamics and home-
ostasis and is what gives Case 2 special interest. Case 1 has all
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the properties of Case 2, except that it creates a positive feed-
back loop— always moves toward zero or one, depending upon
which side of the initial population state lies. (Case 1 is il-
lustrated by Fig. 1 by swapping the line labels.)

In Case 1 (positive feedback), each selection method that
we examine behaves as we intuit—the population converges to

or , depending upon the initial condition. In Case 2
(negative feedback), however, we find that only proportional se-
lection (and Boltzmann selection at sufficiently low selection
pressures) converges onto as we intuit; most alternatives to
proportional selection are actually made unstable by the nega-
tive feedback loop and fail to converge onto . The sections
below examine precisely why this is the case.

B. Nash Equilibrium

We know that represents a state of score-equilibrium be-
tween X- and Y-strategists. The proportion of X- and Y-strate-
gists at turns out also to represent a Nash equilibrium [17],
[18] of the game (this is true for both Cases 1 and 2). A Nash-
equilibrium strategy for a symmetric game is a (possibly mixed)
strategy that is its own best reply. That is, if one player
uses , then the highest payoff that the other player can ob-
tain is received by also using ; if both players use , then
neither has incentive to deviate unilaterally from that strategy
and so the players are in Nash equilibrium. Though our agents
are strictly pure strategists, we can interpret a polymorphic pop-
ulation, as a whole, to represent a mixed strategy; particularly,
our polymorphic equilibrium indicates a mixed Nash-equilib-
rium strategy, where the probability of playing strategy is
(and ).

For the purpose of clarity, we focus our attention in this paper
on polymorphic Nash equilibria that involve only two strategies.
Larger symmetric variable-sum games may have polymorphic
Nash equilibria that involve more than two strategies. Regard-
less of the number of strategies involved, all strategies played in
a polymorphic Nash equilibrium will be at fitness equilibrium
[3], [19].

C. Domination

Above we consider the two payoff structures that yield a poly-
morphic equilibrium. When a 2 2 symmetric game lacks a
polymorphic equilibrium, then one of the game’s two strate-
gies dominates the other. Domination is achieved either when

and , where strategy dominates strategy , or
when and , where dominates (for either case,
we may substitute an inequality with equality, giving a weaker
form of domination).

Without loss of generality, let us assume and .
When strategy dominates , we obtain regardless
of the population state ; thus, and cannot intersect and
we cannot have a polymorphism. This payoff structure makes
strategy the Nash-equilibrium strategy of the game; it also
creates a positive feedback loop, making the attractor
(in our simple framework) for all of the selection methods we
discuss in this paper. Fitness equilibrium (amongst agents) is
achieved only when all players are -strategists.

Selection dynamics in games with domination are similar to
the selection dynamics obtained outside of coevolution—that is,

in “ordinary” evolutionary algorithms that are used to optimize
static objective functions. The rating that an individual receives
from the objective function does not depend upon what other
individuals exist in the population. If genotype A is rated higher
than genotype B, then A will eventually take over a population
of A- and B-types (in the absence of variation), regardless of
its initial frequency ; this is much like how a dominating
strategy takes over in our framework.

Thus, whenever a positive feedback loop exists (with or
without a polymorphic equilibrium) the eventual outcomes
of all selection methods are identical in our framework. This
common behavior obtained with positive feedback tempts us to
expect similarly unified behavior in the case of polymorphisms
with negative feedback. This paper shows that such an expec-
tation is mistaken.

V. HAWK–DOVE GAME

To illustrate the dynamics of selection concretely, we must in-
stantiate the payoff structure we discuss above (i.e., Case 2:

and ). Fortunately, the Hawk–Dove game ([3, Ch. 2]) is a
well-known and frequently studied game (e.g., [20, Ch. 5]) that
can have a polymorphism with the negative-feedback structure
described in Section IV. The generalized version of the game
has two parameters, (the value of a resource) and
(the cost incurred by fighting to gain control of the resource),
shown in the payoff matrix (4). The Hawk–Dove game has two
pure strategies, Hawk and Dove. Hawks are always willing to
fight, and Doves are never willing to fight. Thus, two Hawks
incur the cost of fighting, whereas two Doves divide the resource
peacefully with each other; Doves yield entirely to Hawks. (See
[3, Ch. 2] for Maynard Smith’s detailed rationalization for this
parameterization.)

If , then the game’s payoff structure is and
. The Hawk strategy dominates Dove, and re-

gardless of the population state . If , then the payoff
structure of the Hawk–Dove game creates, without loss of gen-
erality, the polymorphism with negative feedback that we dis-
cuss in Section IV. The equilibrium (3) reduces to

(4)

Since the standard EGT framework has agents reproduce
in proportion to cumulative payoffs, and an agent cannot have
fewer than zero offspring, we must ensure that cumulative
payoffs are nonnegative. For this reason, we make all payoffs
in the matrix greater than zero by adding to each of them a
sufficiently large constant . Recall that such a constant does
not alter the value of (see Section IV-A).

Before we proceed with our analyses, we wish to empha-
size the generality of our results. A quick inspection of the
replicator equations we examine in this paper reveals that only
proportional (6) and Boltzmann (20) selection make explicit
reference to the payoffs , and . In contrast, none of
the other methods we survey uses the payoff values in itsr
calculations—only the current state and the equilibrium state

are used to calculate the new population state . As
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we note in Section IV-A, each value of is mapped to by
an uncountable infinity of games; by not referring to the actual
payoff values, these other selection methods cannot distinguish
between two different games that share the same equilibrium

. Thus, for each of the selection methods other than propor-
tional and Boltzmann, two different games that share the same
equilibrium point will yield precisely identical behavior
in all respects. For proportional selection, two different games
that share the same equilibrium point will yield identical
qualitative behavior, but differ in detail (they may have different
rates of convergence); Botlzmann selection can also yield the
same qualitative behavior between the games, but may require
different selection pressures be used. For these reasons, we can
use the Hawk–Dove game (with ) to derive the results in
this paper without loss of generality. Section XVI discusses how
our results generalize further to higher-dimensional spaces. (To
simplify our discussion, we specify games with , and
for proportional and Boltzmann selection only; otherwise, we
state only the value of to specify a game.)

VI. SCORE-PROPORTIONAL SELECTION

As we state above, agents in the conventional EGT framework
reproduce in proportion to their cumulative payoffs. For the gen-
eral two-strategy payoff-matrix in (1), the cumulative payoff
equations are given by (2). Thus, given a population state (rep-
resenting the proportion of -strategists in the population), the
proportion of -strategists in the next generation is given
by (5). This difference equation is known as a discrete-time
replicator in EGT parlance; dynamical-systems theory refers to
such an equation as a map. After simplification, we obtain (6).
The derivative of the replicator is given in (7)

(5)

(6)

(7)

We can visualize the dynamics of (6) with a map diagram.
Fig. 2 shows the map diagram generated by proportional selec-
tion on the Hawk–Dove game, where

. The axis represents our population state
at time ; the axis represents the population state at time ,
that is . The bold curve represents the behavior of our map.
Where this curve intersects the diagonal, we have a fixed-point
in our map, which is a population state such that ;
that is, a fixed-point is a population state that does not change
from one time-step to the next. Our map has three fixed-points.
Two of them are and ; these are monomorphic
population states that contain only Doves and only Hawks, re-
spectively. The third fixed-point is polymorphic and occurs at

. As we know from Fig. 1, all agents (Hawks and Doves)
at obtain the same cumulative score; therefore, score-pro-
portionate reproduction leaves the population state unchanged.
But, what happens over time when ?

Fig. 2. Map diagram of score-proportional selection operating on Hawk–Dove
game, where p = 2=3 (v = 8; c = 12;w = 2:005). Orbit has initial
condition p = 0:2 and converges onto p = 2=3. Stable fixed-point is
denoted by filled circle; unstable fixed-points are denoted by open circles. To
read an orbit on a map diagram, begin on the x axis at (p ; 0), proceed up to
the curve at (p ; f(p )), then alternately move horizontally to the diagonal
and vertically to the curve.

If the derivative of a 1-D map at a fixed-point has an ab-
solute value less than one, then the fixed-point is stable [21];
if the derivative’s absolute value is greater than one, then the
fixed-point is unstable (see Appendix C for details). A quick
visual inspection of Fig. 2 reveals that is stable, whereas

and are unstable. This means that if we perturb a
population at , then the population will converge back onto

. In contrast, if we perturb a population composed entirely
of Doves , by adding any amount of Hawks, then the
population state will diverge from (and eventually con-
verge onto ); a similar statement applies to a population of
all Hawks . Thus, is the unique, global attractor
of our proportional-reproduction dynamical system; any initial
population state asymptotically converges onto

. The dashed line in Fig. 2 shows an example trajectory, or
orbit, that our population can take over time, here starting from
an initial condition of .

More generally, proportional selection is known to have the
following properties [4]. All Nash equilibria are fixed-points
of proportional selection (6). All point attractors of propor-
tional selection are Nash equilibria. Not all Nash equilibria are
attractors, however (for example, the Nash equilibrium of the
familiar Rock-Paper-Scissors game is not a point-attractor).
Indeed, using a continuous-time version of proportional selec-
tion, Skyrms [22] illustrates a four-strategy symmetric game
that creates chaotic dynamics (and as Skyrms points out, con-
tinuous-time replication dynamics are typically better behaved
than their discrete-time counterparts).

Having established the equilibria and dynamics of the stan-
dard replicator for two-strategy games that have polymorphic
attractors, we now begin our examination of the replication dy-
namics generated by several alternative selection methods.
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Fig. 3. Operation of truncation selection in an infinite population. (Figure
adapted from [13].)

VII. TRUNCATION SELECTION

Truncation selection is so called because individuals below
some quality threshold are removed (i.e., “truncated”) from
the pool individuals that will be used to create offspring. The
threshold can express an absolute quality level or a relative
one. Truncation is often used in the branch of evolutionary
computation known as evolutionary programming [23].

The particular form of truncation selection we study here is
found, for example, in [16], [24], and proceeds as follows: 1) we
sort the population according to the agents’ evaluation scores;
2) we remove the worst fraction of the population; and 3) we
replace the removed agents with variations of individuals in the
best fraction of the population. For example, let us say we
have a population of 200 agents and . In this case,
each of the best 50 agents will create one offspring, which will
in turn replace one of the worst 50 agents; the top 75% of the
population is left unaltered.

Since our framework lacks variation operators, offspring are
clones of their parents. In this case, selection pressure is maxi-
mized at and is reduced as ; values of
(for ) behave exactly as . When we
extend beyond 0.5, then the set of agents that create offspring
must overlap with the set of agents that are replaced. Without
loss of generality, we can assume that each agent in that over-
lapping subset is replaced by its own identical offspring (as op-
posed to another agent’s offspring). Thus, the overlapping set of
agents has no net effect on the change in population-state.

Truncation selection is easily implemented in our infinite-
population EGT framework. Since all agents that play the same
strategy receive the same fitness, we only need to sort the strate-
gies and note the proportion with which each strategy appears
in the population. Fig. 3 gives an example where our population
has three pure strategies played with proportions ,
respectively; we set , and we begin with a population
where for . The strategies are sorted
by their cumulative scores; the highest score belongs to and
lowest to (left-most column). Since , we remove the
worst 1/2 of the population (second column); this includes all of

and 1/2 of . We then duplicate all of and 1/2 of (third
column) to arrive at our new population (fourth column), where

and now have and of the population, respectively;
is eliminated.

For 1-D systems (i.e., symmetric games with just two strate-
gies), the precise operation of truncation selection is specified
by the map (8); the derivative of the truncation map is given by
(9). If , then Hawks outscore Doves, and we increase
the proportion of Hawks. The first three cases in (8) concern
the magnitude of this increase (by symmetry, the latter three
cases concern the situation where and Doves outscore
Hawks). Clearly, a single application of the truncation map can
no more than double the proportion of Hawks (Case 3). Further,
if the proportion of Hawks is greater than , then we merely in-
crease by (Case 2), rather than double . Finally, we must
limit to no more than 1.0 (Case 1). Note that the operation of
truncation selection depends upon the game’s payoffs only to
the extent that they determine the value of ; once the equi-
librium value is determined, the payoffs are irrelevant to the se-
lection dynamics

if and
if and
if and
if and
if and
if and
if

(8)

if and
if and
if and
if and
if and
if and

undefined if

(9)

The truncation map is piecewise linear with a discontinuity at
. If , then we can converge onto the monomorphic

fixed-point ; a variety of unstable cycles are also possible.
If , then we can converge onto the monomorphic
fixed-point ; a variety of unstable cycles are also possible.
If , then we get either neutrally-stable two-
cycles or chaos. The chaotic regime requires

; this regime also contains unstable cycles. We review these
regimes of behavior below.

A. Regime I: Point Attractors and Unstable Cycles

The truncation map yields a great variety of possible behav-
iors. We can easily imagine one example with a Hawk–Dove
game where . Assume and a population
state . Since , we know that Hawks
outscore Doves; since , we also know that Hawks are at
least half of the population. Thus, the best half is only Hawks.
Replacing the worst half, we arrive at a population of all Hawks.
What happened to our Hawk–Dove polymorphism?

Fig. 4 (top) shows the map diagram for the above ex-
ample. The most noticeable feature is the large discontinuity
at —precisely where our polymorphic Nash-equilibrium
attractor should be; is now a singularity and unstable.
For most initial conditions, such as the one shown, the orbit
will eventually enter the critical interval , where-
upon convergence to (a monomorphic fixed-point) is
guaranteed. Note that convergence to is not asymptotic;
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Fig. 4. Truncation map with Hawk–Dove game. Top: Orbit converges to
p = 1:0 (p = 7=12;  = 0:5; p = 1=11). Middle: Orbit enters unstable
period-four cycle (p = 7=12;  = 0:5; p = 1=5). Bottom: Orbit
converges to p = 0 (p = 0:3;  = 0:35; p = 0:609).

in particular, if we slightly perturb a population at ,
then it will move away from this state before returning via the

interval. Thus, is an attractor, but it is not
locally stable. In general, convergence to is possible

Fig. 5. Orbit enters neutrally stable cycle (p = 0:5;  = 0:2; p =
0:94).

when ; the critical interval for which is
.

Not all initial conditions converge to , however; excep-
tions produce unstable cycles or the unstable fixed-point .
For example, the initial conditions , and
give unstable two-, three-, and four-cycles, respectively; Fig. 4
(middle) shows the latter case. If is in the iterated preimage
of (see Appendix A), then the orbit enters the fixed-point

. Let be the set of initial conditions that enter a particular
unstable outcome (a cycle or ). The elements of are clearly
both disconnected (i.e., do not form a continuum) and isolated
(i.e., do not have a neighbor arbitrarily nearby). Therefore, vir-
tually any perturbation will push an orbit (with ) out of

, cause it to diverge from the cycle (or ), and eventually
converge onto .

By symmetry, if , then the truncation map has an
attractor at , and most initial conditions converge onto
it. This possibility is illustrated by Fig. 4 (bottom). The critical
interval in this case is . Of course, unstable cycles are
also possible, as above. Because selection pressure must be in
the range , it must be the case that ;
thus, the attractors and are mutually exclusive (we
cannot have ).

B. Regime II: Neutrally Stable Cycles

If , then yet newer possibilities arise. Fig. 5
shows the truncation map when and . Here,
all initial conditions (except for the preimages
of , of course), enter neutrally stable two-cycles, as the ex-
ample orbit demonstrates. The cycle begins with the first pair
of consecutive population states that are on opposite
sides of . To this pair, we can add or subtract any (that
keeps and on opposite sides of ) and the new pair
will remain in the shifted two-cycle. The amplitude of the cycle

is equal to . Thus, as selection pressure is decreased
, cyclic trajectories will orbit closer and closer to the

score equilibrium . Note that remains unstable.
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C. Regime III: Chaos

If (which is a tighter constraint on than
), then truncation selection permits chaos. So

long as this constraint holds, the ease with which chaos can be
obtained increases with . A truncation map that produces chaos
may still have a fairly large domain that yields neutrally stable
cycles; Fig. 6 (top) illustrates such a cycle (the Liapunov expo-
nent is zero). Fig. 6 (middle) shows the same map producing
a chaotic orbit. Fig. 6 (bottom) gives the histogram of popula-
tion states visited in the chaotic orbit. The Liapunov exponent
for this chaotic orbit is ; this quantity is approxi-
mately , which reflects the fact that approximately half
of the orbit touches the map segments with slope 2.0, while the
rest of the orbit touches segments with slope 1.0.

The salient change that allows chaos concerns the portions of
the map that have slope 2.0. In each of our previous examples,
these regions are visited only as part of an initial transient or
unstable cycle (if at all). In a chaotic orbit, these segments of
the map are revisited throughout, and are responsible for giving

, which is an indicator of chaos. (See Appendix B for
details on the Liapunov exponent).

The histogram shows the chaotic orbit to jump between three
distinct regions in state space. The two gaps and

, which separate these three regions, are the por-
tions of state space that support the neutrally stable cycle. Once
an orbit enters one of these two gaps, it will exclusively visit
portions of the map that have slope 1.0 (this is easily verified by
examining the map equation). Any perturbation that keeps an
orbit within these gaps allows the cyclic dynamic to continue.

Fig. 7 shows the truncation map with and
. The map segments with slope 2.0 are much longer, which

results in a higher Liapunov exponent of . The
orbit’s distribution over the population states is approximately
uniform over the interval [0.07, 0.93]. Given a game with

, as , the portions of the map with slope 1.0 vanish
and . The map produced with
and is identical to the well-known Bernoulli shift map
(also known as the binary shift map) [25, Ch. 10.5].

VIII. AND SELECTION

The and selection methods originate from the
branch of evolutionary computation known as evolution strate-
gies [26]–[28]. In both methods, we begin with a population of

agents. To create the next generation, each of these agents pro-
duces offspring (with variation), resulting in total off-
spring (the use of here is not to be confused with the Liapunov
exponent). In selection, the best agents from this larger
set of offspring are selected to form the next generation of
our evolving population; in selection, the best agents
from amongst the offspring and parents are chosen to form
the next generation. We can think of as selection
where each of the parents generates an additional offspring
that is an exact copy.

Since we have an infinite population, the exact values of
and are unimportant—we care only about the quotient ,
which we will define to be our selection parameter .

Fig. 6. Truncation map that permits neutral cycles and chaos (p =
0:5;  = 0:3). Top: Orbit that enters neutrally stable two-cycle (p = 0:16).
Middle: First 100 time-steps of chaotic orbit (p = 0:2745). Bottom:
Histogram of population states visited in chaotic orbit (10 time-steps,
p = 0:2745;� � 0:34657).

The value of lies in the interval and represents
the proportion of our original population that gets to have its
offspring in the next generation. Smaller values of , therefore,
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Fig. 7. Truncation map with stronger chaotic behavior (p = 0:5;  =
0:43; p = 0:4859). Top: First 100 time-steps of chaotic orbit. Bottom:
Histogram of population states visited in chaotic orbit (10 time-steps,
� � 0:56519).

produce a stronger selection pressure. Because our framework
generates offspring asexually and without variation, and

selection operate identically; further, selection
(and thus, selection) reduces to the more conventional
(and drastic) form of truncation selection: agents above the se-
lection threshold produce enough offspring to replace the en-
tire population, rather than just the weaker individuals as in
Section VII.

In our 1-D system, the equation that governs is given
by (10); the derivatives of this map are given by (11). The map
equation is easily understood. In essence, we simply rescale the
proportion of the higher-scoring strategy according to ; the first
and fourth cases of our map equation simply limit to no more
than one and no less than zero.

The method produces a number of possible behaviors.
Like truncation selection, the map is piecewise linear, and

we find a discontinuity at ; the Nash equilibrium is again a
singularity and unstable. Note that, for any value of
with behaves identically to truncation (8) with

if and
if and
if and
if and
if

(10)

if and
if and
if and
if and

undefined if

(11)

A. Regime I: Point Attractors and Unstable Cycles

If , then becomes an attractor; if
, then becomes an attractor. Both

of these attractors are simultaneously available if
. Fig. 8 (top) shows a sample orbit that converges to .

Fig. 8 (bottom) shows that this map
also has an unstable two-cycle. We discover the location
of the cycle by looking for fixed-points of the second it-
erate of our map; that is, , where

. Since a cycle must cross , we arbi-
trarily choose . Thus, a two-cycle must satisfy
(12); solving for , we obtain (13). Given , our
equation gives us ; since

and , all of our requirements
are met. Because this cycle is unstable, any perturbation will
cause it to diverge and eventually converge onto or

. (The instability of this cycle is easily demonstrated by
the accumulation of round-off error in numerical simulation.)

(12)

(13)

B. Regime II: Chaos

If , then produces either chaos or un-
stable cycles. Fig. 9 (top) illustrates a chaotic orbit where

, and . Since the slope of the map is
throughout, the Liapunov exponent is .
Fig. 9 (bottom) shows the histogram of population states vis-
ited by the orbit. The multimodal distribution contrasts with
the near-uniform distribution produced by truncation selection
on the same game [Fig. 7 (bottom)]. The symmetry of Fig. 9
(bottom) follows from the symmetric location of score equilib-
rium. We can apply (13) to obtain an unstable two-cycle in this
map, as well; the appropriate initial condition is .
As increases, the slopes of the map approach 1.0 and converge
onto the diagonal. As a result, the overall rate of state-change
decreases, as does the Liapunov exponent.
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Fig. 8. Operation of (�; �)with p = 0:4;  = 0:3. Top: Orbit converges to
p = 0 (p = 0:725). Bottom: Orbit enters unstable two-cycle (p = 3=13).

IX. LINEAR RANKING

Rank selection is commonly used in genetic algorithms
[28]–[30]. Ranking proceeds by first sorting the members of
the population according to their evaluation scores; the repro-
ductive success of an individual is then a linear or exponential
function of its ordinal position, or rank, after sorting. In linear
ranking, the highest-scoring individual (of a population of size

) receives a rank of , the next-best , and so on; the
lowest scoring individual receives rank 1. (When two or more
agents have the same evaluation score, then those agents obtain
the same rank.) Thus, unlike the other selection methods we
examine, linear ranking lacks a parameter with which to vary
selection pressure.

Since we have only two strategies in our 1-D framework,
linear ranking reduces to giving the higher-scoring strategy a
rank of 2 and the other a rank of 1; at polymorphic equilibrium,

Fig. 9. Operation of (�; �) selection with p = 0:5;  = 0:6, and
p = 0:65. Top: First 100 time-steps of chaotic orbit. Bottom: Histogram of
population states visited in chaotic orbit (10 time-steps, � � 0:51083).

the strategies obtain the same rank. Plugging these rank values
into the standard (i.e., proportional) replicator (6), we obtain our
equation for linear ranking (14). The derivatives of our ranking
map are given by (15)

if
if
if

(14)

if
if

undefined if
(15)

Fig. 10 illustrates the map produced by linear rank selection.
As with truncation and , the linear-rank map contains a
discontinuity at ; in contrast, the linear-rank map is piece-
wise smooth, rather than piecewise linear. Also, unlike the se-
lection methods studied above, the linear-rank map yields only
a single type of behavior, which is a neutrally stable two-cycle.
As soon as an orbit enters the open interval given by (16), the
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Fig. 10. Map diagram of linear rank selection (p = 0:5). Orbit enters
neutrally stable two-cycle (p = 0:17).

cycle begins, crossing with each iteration. The endpoints
of the interval (16) belong to , that is, the preimage of
the linear-rank map at . Once in a cycle, the slope is
the inverse of the slope , thus giving a Liapunov expo-
nent of zero for any even number of time-steps. This inverse re-
lationship is shown (for ) by (17). Exponential ranking
produces qualitatively identical behavior in our framework

(16)

for

(17)

X. BEST-OF-GROUP TOURNAMENT

The first version of tournament selection that we study is de-
scribed in [11] and [31]; we will term this method “best-of-
group” tournament selection. To create a population of off-
spring from the current population of evaluated individuals,
we: 1) randomly draw (with replacement) individ-
uals from the current population; 2) have the fittest member of
this subset parent one offspring; and 3) repeat steps 1 and 2 for

times. Selection pressure increases with group size . Bene-
fits of this selection method include ease of parallelization and
algorithmic efficiency.

Since we only have two strategies in our Hawk–Dove game,
the subset produced by step 1 (above) produces one of three
outcomes: all Hawks, all Doves, or some blend of the two. If
the proportion of Hawks in our population is , then the prob-
abilities of these three outcomes are , and

, respectively. Clearly, each all-Hawk subset con-
tributes a Hawk offspring to the next generation; each all-Dove
subset contributes a Dove. If , then Hawks outscore
Doves and each blended subset contributes a Hawk; similarly,
if , then each blended subset contributes a Dove. Thus,

Fig. 11. Map diagram of best-of-group tournament selection (p =
0:5;  = 2; p = 0:35). Top: First 100 time-steps of chaotic orbit. Bottom:
Histogram of population states visited in chaotic orbit (10 time-steps,
� � 0:20979).

if , then only all-Hawk subsets contribute Hawks,
giving us a new population of Hawks. The map equation for
best-of-group tournament selection is given by (18), with corre-
sponding derivatives in (19)

if
if
if

(18)

if
if

undefined if
(19)

The map produced by best-of-group tournament selection has
the familiar discontinuity at , but is otherwise smooth, like
linear-ranking. Unlike linear ranking, virtually all initial con-
ditions yield chaotic orbits. Fig. 11 illustrates a chaotic orbit,
where and ; note the similarity to Fig. 6
(middle) and (bottom). We can predict a positive Liapunov ex-
ponent for this orbit from (19), since it gives .
As we increase the subset size , the map moves away from



FICICI et al.: A GAME-THEORETIC AND DYNAMICAL-SYSTEMS ANALYSIS OF SELECTION METHODS IN COEVOLUTION 591

Fig. 12. Map diagram of best-of-group tournament selection (p =
0:5;  = 10; p = 0:35). Top: First 100 time-steps of chaotic orbit.
Bottom: Histogram of population states visited in chaotic orbit (10 time-steps,
� � 0:50361).

the diagonal, causing orbits to spend more time near extrema,
where the map is steepest and thereby increasing the Liapunov
exponent (Fig. 12).

Orbits that are not chaotic are unstable cycles (or belong to
the iterated preimage of the unstable fixed-point ). We find

-cycles by looking for fixed-points of the th iterate of the
map, such that . For , a two-cycle requires

(for ). Solving numerically, we obtain
and . Since a two-

cycle must cross with each iteration, will only yield
a two-cycle if . Higher values of
contain longer cycles; for example, with and ,
unstable cycles of periods three and five exist.

Fig. 13 illustrates another chaotic map, this time with
and . Chaotic orbits (discarding the initial tran-

sient) are contained in the open interval .
The Liapunov exponent is , but we notice that

(while
). Looking closely at the map, we find that

Fig. 13. Map diagram of best-of-group tournament selection (p =
0:25;  = 2; p = 0:35). Top: First 100 time-steps of chaotic orbit.
Bottom: Histogram of population states visited in chaotic orbit (10 time-steps,
� � 0:19388).

; that is, whenever our chaotic orbit
is above , it will go below in the very next time-step. A
similar statement cannot be made for —we
may spend up to three consecutive time-steps below before
crossing it. Thus, we obtain a distribution of population states
visited by the orbit that yields a positive Liapunov exponent.

XI. BOLTZMANN SELECTION

Inspired by the technique of simulated annealing [32],
Boltzmann selection is a method whereby selection pressure
is slowly increased over evolutionary time to gradually focus
search [11], [33], [34]. Selection pressure is modulated by
a “temperature” parameter, which is used to scale the rating
an agent receives from evaluation; the lower the temperature,
the stronger the selection pressure. The scaling equation is

, where is the agent’s unscaled rating and
is the temperature. Agents are selected in proportion to
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their scaled ratings. The most effective “cooling schedule” and
temperature range are generally problem dependent.

In our discussion, we substitute such that selection
pressure increases with . The difference equation for our 1-D
system using Boltzmann selection is given in (20); the deriva-
tive of this map is given in (21). Of all the alternatives to propor-
tional selection that we examine in this paper, only Boltzmann
selection is continuous and differentiable throughout the map, as
seen in Fig. 14. Nevertheless, Boltzmann selection also exhibits
multiple regimes of behavior as is varied. (See Yi et al. [59]
for analysis of this replicator dynamic where is fixed at 1.0.)
Throughout this section, we use the Hawk–Dove game, where

(20)

(21)

A. Regime I: Point Attractors

For low selection pressures, Fig. 14 (top) shows that the poly-
morphic Nash-equilibrium attractor at is intact, and all ini-
tial conditions converge asymptotically to . As
we increase selection pressure, decreases and eventu-
ally becomes negative. Dynamical systems theory tells us that,
if the slope of a map at a fixed-point is negative but greater than

, then the fixed-point remains stable, but orbits will show
damped oscillation [21]. Such is the case in Fig. 14 (bottom).
Oscillation amplitude increases with the steepness of .

B. Regime II: Limit Cycles

Higher selection pressures make and the
fixed-point loses stability. At , where

, a stable limit-cycle emerges [Fig. 15 (top)]. A stable
limit-cycle is a periodic attractor (as opposed to a point attractor,
such as in Fig. 14). In this case, we have a period-two
cycle that alternates between and

. Because it is an attractor, any initial condition
(provided it is not in the iterated preimage of ) will

asymptotically converge onto this same two-cycle, and the cycle
will recover if perturbed.

We can easily see the stability of the limit cycle in Fig. 15
(middle); this graph shows the map diagram of the second-it-
erate , which we obtain by composing the Boltzmann map
(20) with itself. The map includes the familiar set of fixed-
points ( , and ), all of which are unstable.
In addition to these three, we find two new fixed-points, which
correspond to the alternate values of our limit cycle and

. The derivatives of at these new fixed-points have
an absolute value less than one, indicating that the fixed-points
(and, hence, the cycle) are stable.

We can look for period-three cycles, as well. We simply ex-
amine the third-iterate , shown in Fig. 15 (bottom). In this

Fig. 14. Map diagrams showing operation of Boltzmann selection
(p = 7=12; p = 0:22). Top: Asymptotic convergence to Nash
equilibrium attractor is intact ( = 0:4). Bottom: Orbit oscillates
strongly but still converges to attractor ( = 1:3); slope at attractor is
f (p ) � �0:89583.

case, we find no fixed-points aside from our original three; thus,
we know that no three-cycle exists in .

C. Regime III: Transition to Chaos

Yet higher selection pressure causes our map to become
chaotic. Fig. 16 (top) shows one such chaotic orbit when

; the Liapunov exponent is . The corre-
sponding histogram of population states visited by the orbit is
quite different from those seen above.

The progression of the Boltzmann map from stability to chaos
is much more intricate than Figs. 14–16 suggest. A clearer pic-
ture emerges from the orbit diagram and corresponding graph
of Liapunov exponents in Fig. 17. The axis of the orbit dia-
gram shows the population states that the map visits during its
orbit (excluding the initial transient) for a particular value of
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Fig. 15. Map diagrams showing operation of Boltzmann selection on
game with p = 7=12. Top: At  = 2:0, slope at p becomes less
than �1 causing p to become an unstable fixed-point; map now yields
stable limit-cycle behavior (p = 0:6). Middle: Map diagram produced by
second-iterate map f (p). Note the two new fixed-points, which correspond to
the limit cycle in f(p). Bottom: Map diagram produced by third-iterate map
f (p). Only the three fixed-points of f(p) are seen; thus, f(p) (top) contains
no three-cycles.

(indicated by the axis). Though the Boltzmann map is not uni-
modal, we find the classic patterns of bifurcation, period-dou-

Fig. 16. Map diagram of Boltzmann selection (p = 7=12;  =
5:0; p = 0:6). Top: First 100 time-steps of chaotic orbit. Bottom: Histogram
of population states visited by chaotic orbit (10 time-steps, � � 0:43694).

bling, and windows of stable oscillation interspersed with chaos
that are well-known to occur with unimodal maps (e.g., the lo-
gistic map) [21], [35].

We see from the orbit diagram that the fixed-point
bifurcates, in a continuous fashion, into a stable two-cycle

at . That is, the two-cycle appears as a continuous
transformation of the polymorphic fixed-point. The next bifur-
cation, which leads to a period-doubling four-cycle, occurs at

; this process is also continuous. Note that these pe-
riod-doubling events coincide with the Liapunov exponent ap-
proaching zero. As exceeds 3.5, the period-doubling process
gradually gives way to chaos, and the Liapunov exponent rises
above zero. Remarkably, however, further increase of brings
about a sudden return to stable oscillatory behavior, quite unlike
the more gradual process of transition into chaos. These bands
of chaos and stable oscillation alternate as is increased.

For any unimodal map, if we write down the period of
each cyclic region in the order of appearance, then we obtain
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Fig. 17. Orbit diagram (top) and Liapunov exponents (bottom) generated by
Boltzmann selection (p = 7=12) over the range  2 [1; 9] with increments
to  of 1=160.

precisely the same sequence; this is known as the universal
sequence [21], [35]. Our Boltzmann map is not unimodal,
however, and we find some divergence from the U-sequence.
Fig. 18 shows a magnification of the interval .
At , we appear to have an attracting limit-cycle of
period seven, which is different than the six-cycle expected by
the U-sequence. Closer inspection reveals this oscillation to
actually have a period of ten, with four of the cycle’s points very
near 1.0. Other cycles include a six-cycle at (which
appears in the orbit diagram to be the five-cycle expected by the
U-sequence), and a three-cycle at (which corresponds
to the U-sequence).

To summarize, we find that Boltzmann selection can produce
a variety of behaviors depending upon the strength of the se-
lection pressure. These behaviors include convergence to the
polymorphic Nash-equilibrium at , stable cycles, and chaos.
Convergence to is obtained only for the lowest range of
selection pressures. Thus, the analogy between low annealing
temperature and high selection pressure is strained—too low a
“temperature” actually destabilizes the system.

Fig. 18. Orbit diagram (top) and Liapunov exponents (bottom) generated by
Boltzmann selection (p = 7=12) over the range  2 [3:75; 5:75] with
increments to  of 1=640.

XII. SEQUENTIAL-TOURNAMENT SELECTION

The other tournament-style selection method we examine in
this paper is often used in evolutionary programming [36]. This
version of tournament selection proceeds as follows.

1) Evaluate all individuals in the population.
2) For each individual , generate an ordered sequence

of “opponent” individuals, each randomly drawn
(with replacement) from the same population as indi-
vidual .

3) If an opponent in has a higher evaluation score than
individual , then let be the index of the
earliest such opponent in the sequence ; the value
is the tournament score earned by individual . If no such
opponent in exists, then the tournament score earned
by individual is .

4) Select individuals for reproduction according to their
tournament scores. Higher values of increase selection
pressure. To avoid confusion with the previous tourna-
ment method, we will term this approach the “sequential
tournament.”
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Typically, the selection method used in step 4 above is a form
of truncation. Given our simple infinite-population framework
of two strategies, composing truncation selection with the se-
quential tournament yields behavior that is identical to trunca-
tion selection. Out of curiosity, we instead explore the effects of
using proportional selection in step 4. The replicator equation
for our approach is given in (22). The corresponding derivatives
are given in (23) and (24) for and ,
respectively. The map is discontinuous at , and

; consequently, the derivative is undefined at these points

if

if
if

(22)

(23)

(24)

To understand the operation of this replicator, let us consider
population states . As we know, if , then
complete mixing leaves Hawks with a higher cumulative payoff
than Doves. Therefore, a Hawk has a cumulative payoff at least
as high as any other agent it meets in the sequential tournament,
giving the Hawk a tournament score of . In contrast, a Dove
agent increments its tournament score with each match until it
meets a Hawk. Given matches and a probability of meeting
a Hawk in each match (and probability of meeting a
Dove), the expected score for a Dove is given by (25). Similar
reasoning applies to population states where Doves
outscore Hawks

(25)

Sequential-tournament selection produces a variety of at-
tracting limit-cycles. For example, Fig. 19 (top) shows an
attracting two-cycle for and . The amplitude
of this cycle increases with . A period-three attractor is ob-
tained with and . Fig. 19 (bottom) shows a
period-five attractor obtained with and .
These periodic attractors are easily verified by inspecting the
second, third, and fifth iterates of the map, respectively.

XIII. SINGLE-ELIMINATION TOURNAMENT

Unlike the other selection methods discussed in this paper,
the single-elimination tournament [37] is designed specifically
for coevolutionary algorithms operating on competitive (e.g.,
zero-sum) games. In this method, the agents of a population
of size are randomly paired. Each agent that receives the
higher game-payoff in pairwise interaction continues to the next
round (in case of tie, one agent is chosen at random to win
the round); in the second round, the winners of the first
round are randomly paired. This process continues until a single,

Fig. 19. Attracting limit-cycles produced by sequential-tournament selection.
Top: Period-two attractor obtained with p = 0:5 and  = 1. Bottom:
Period-five attractor obtained with p = 0:125 and  = 10.

tournament-winning agent remains. The tournament score for
each agent corresponds to the highest round the agent won.
These tournament scores then form the basis of selection using
some other selection method, such as proportional or ranking.
Thus, the single-elimination tournament is not only an alter-
native selection method, but also an alternative to the standard
protocol of complete mixing. As an alternative mixing pattern,
the single-elimination tournament requires only
matches—a considerable savings if a match is computationally
expensive.

In our simple framework, this selection (and mixing) method
always converges onto a monomorphic population. The be-
havior of single-elimination tournament can be understood
without deriving the method’s equational form. The tourna-
ment’s pair-wise interactions do not take the population state
into account. (In contrast, the other tournament methods op-
erate after agent mixing has occurred, which means that the
outcome of a tournament match reflects the state of the popula-
tion.) Thus, which strategy takes over the population depends
exclusively upon the off-diagonal payoffs and —payoffs
and are irrelevant. If , then no -strategist can lose
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to a -strategist, making the ultimate winner (and most fit
individual) an -strategist regardless of the population state

and the equilibrium point . Similarly, if , then a
-strategist will win. Clearly, this behavior does not correspond

to our polymorphic Nash equilibrium.

XIV. DISCUSSION

Our analyses have thus far focused exclusively on the be-
havior of selection methods around polymorphic equilibria that
have a negative-feedback payoff structure. But, the replicator
equations we give are completely general and can be applied to
any 2 2 symmetric game. Each of the other payoff structures,
however, causes selection (regardless of how it maps cumulative
payoff to reproductive success) to operate in a positive feedback
loop. The behavior of any selection method, under positive feed-
back, will be the following in our simplified model: the strategy
with the highest cumulative payoff will both increase in the pop-
ulation and maintain a payoff advantage, ultimately taking over
the entire population. (See Section IV for details on payoff struc-
tures and positive and negative feedback.)

Clearly, real-world coevolutionary algorithms do not adhere
to the assumptions of our simplified model. Nevertheless, the
dynamics we observe in our model fundamentally underlie
those produced by the complications of real-world algorithms
(such as genetic variation, finite populations, and noisy eval-
uation). In particular, the pathologies we observe regarding
convergence onto polymorphic Nash equilibria are generally
not remedied by the additional complexities of real-world
algorithms, but rather are aggravated by them.

As we state in Section I, the conclusions to draw from our
results depend very much upon the intent with which the co-
evolutionary algorithm is used. The algorithm may be used as
a search method, a model, or considered purely as a dynamical
system. Let us consider the first two possibilities in more depth.

A. Coevolution as Search Method

When used as a search method, or problem solver, the co-
evolutionary algorithm is most naturally applied to solve games
of strategic interaction (for example, [1] and [37]–[42]; many
ostensibly static optimization problems can also be reframed as
games of strategy, for example, [43]–[45]). The fundamental so-
lution concept for games of strategy is Nash equilibrium [17],
[18], which serves as a normative guide: it prescribes the re-
quired (or desired) outcome, which in turn drives the search al-
gorithm’s design.

Interpreting coevolution as a search method, our results show
that many selection methods commonly used in coevolutionary
algorithms can locate only monomorphic Nash equilibria
(which arise from payoff structures with positive feedback);
in the presence of polymorphic Nash arising from negative
feedback, these selection methods fail to implement the Nash
equilibrium solution concept and prevent the attainment of
game-theoretically justifiable results. We emphasize that the
lesson learned from our results is not restricted to Nash equi-
librium—we may as easily have some other solution concept in

mind. Our results, in general, demonstrate that design choices
can distort the solution concept that we may otherwise be-
lieve to be implemented and operating in our coevolutionary
search algorithm. In so doing, we reveal (to our knowledge) a
previously unknown class of pathology affecting the use of co-
evolutionary algorithms as search methods. This paper focuses
on design choices that concern selection; other design issues,
such as those that concern diversity maintenance, are shown
also to impact the solution concept ultimately implemented by
a coevolutionary algorithm in [46] and [47].

B. Coevolution as Model

Coevolutionary algorithms can serve as models of other sys-
tems. For example, we may construct a coevolutionary algo-
rithm to implement processes that we hypothesize to operate
in nature or an economy. In this case, the algorithm’s behavior,
whatever it may be, is legitimate by definition—at least with re-
spect to the model, if not the system being modeled.

We build models to better understand and predict a system
of interest. We wish the model to be no more complicated than
necessary to capture the phenomena we wish to study and pre-
dict. Thus, we distill the system of interest down to the features
that are most salient for our purposes.

Interpreting coevolution as a model, our results emphasize
that selection is not a generic process and does not allow the
modeler to be indifferent regarding implementation details that
concern selection. How we choose to implement selection mat-
ters, whether we consider selection to be a focus of our model or
not. This point is made concrete in the first of our case studies,
below.

Most of the selection methods we test fail to converge
onto polymorphic Nash equilibria (though they succeed in
converging onto monomorphic Nash). One way to take this
result is to question the validity of models such as EGT (which
comes to us from the field of evolutionary biology). Specifi-
cally, in light of the variety of selection methods that cannot
find polymorphisms, EGT may appear to rely too strongly on
proportional selection to achieve its results. Before we declare
proportional selection to be suspect, however, we must consider
the biological plausibility of the alternatives (see [48], for
example). We must consider also that proportional selection
is not a special case—there exists an infinity of smooth maps
that have polymorphic Nash attractors; Boltzmann selection at
low pressures is one example (see Appendix C for discussion
on a general method to identify smooth maps with stable
polymorphisms).

XV. CASE STUDIES

The importance of understanding the dynamics of different
selection methods in coevolution is underscored by the fol-
lowing case studies (the first of which stimulated the work
we report here). In the light of our results, we believe that the
many coevolutionary (and game-theoretic) investigations in the
literature that use alternative selection methods may require a
second look, especially where a single population is used and
the domain under investigation is a variable-sum game.
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A. Case One: Evolutionary Game Theory

Our first case study concerns the assumptions made by the
EGT framework: an infinitely large population, noiseless pay-
offs, and complete mixing. Since these assumptions do not hold
in the real world, Fogel et al. [16], Fogel et al. [24], and Fogel
and Fogel [49] investigate the effects of finite populations, noisy
payoffs, and incomplete mixing upon the equilibria and dy-
namics that EGT predicts. Using the Hawk–Dove game (with

) in their simulations, they contrast their empirical re-
sults to the polymorphic Nash-equilibrium attractor predicted
by EGT.

In addition to the factors concerning population size, payoff
noise, and incomplete mixing, all of the simulations in [16],
[49], and some of the simulations in [24] deviate from the EGT
framework by using truncation selection instead of conventional
proportional selection. The results they report from these exper-
iments are consistent with those we discuss in Section VII. In
particular, in [49], they observe convergence to all-Hawks when

(see our discussion in Section VII-A). In [16], they ob-
serve the best correspondence with the polymorphic Nash equi-
librium to occur with very low (see our Section VII-B). In
other experiments in [16], [24], and [49], the authors suspect
chaotic behavior. While the dynamics observed in [16], [24],
and [49] involve the further complications of finite populations,
noisy payoffs, and incomplete mixing, our results and insights
from Section VII fundamentally apply. (Readers may note a
similarity between [16, Fig. 2] and our orbit diagram in Fig. 17,
both of which show an increasing divergence from equilibrium
with increasing selection pressure. Nevertheless, the similari-
ties are superficial; for example, our orbit diagrams graph each
population state visited in an orbit (after the initial transient),
whereas each data point in [16, Fig. 2] is an average population
state over an entire run. Instead, the behaviors shown in [16,
Fig. 2] are more appropriately contrasted with our predictions
for truncation selection over different selection pressures—see
Table I for a concise summary. The divergence between [16,
Fig. 2] and our analyses is due to the noisy payoffs used in [16]).

Because the experiments in [16], [24], and [49] combine mul-
tiple interacting factors, they do not isolate any independent ef-
fects of finite populations, noisy payoffs, incomplete mixing,
and truncation. We know from our analyses, however, that trun-
cation cannot converge onto a polymorphic equilibrium even
when the strong assumptions of EGT are met. Since truncation
alone is sufficient to severely distort the dynamics of the EGT
framework, the effects of truncation may mask subtler effects
involving the other factors of interest.

From the perspective of modeling, we may regard the co-
evolutionary simulations in [16], [24], and [49] as approximate
models of the EGT framework itself; their studies essentially
ask how sensitive the EGT framework is to deviations from the
ideals provided by EGT’s strong assumptions. They are particu-
larly interested in deviations from the conventional EGT frame-
work that move it closer to the natural world. We can therefore
justify the use of truncation by asserting that it more closely ap-
proximates natural selection (in some system of interest) than
proportional selection does.

Certainly, truncation processes exist in nature; for example,
predators exert a truncation-like effect on their prey population.
But, the specifics of a truncation process are relevant in the
determination of biological plausibility. The particular form of
truncation selection examined in Section VII (and used in [16],
[24], and [49]), along with several other selection methods we
examine, operates strictly with ordinal information—a feature
that may severely limit its range of plausible applicability. Nev-
ertheless, our results are sufficient to suspect that other, more
plausible truncation processes can similarly disrupt the conven-
tional EGT framework. Our results show that coevolutionary
algorithm dynamics can be very sensitive to how selection is
implemented.

Finally, we note that some of the experiments in [24] do use
proportional selection, and statistically significant deviations
from Nash equilibrium are observed. Thus, the concerns ex-
pressed in [16], [24], and [49] regarding the assumptions of
EGT do have merit. Follow-up work on the effects of finite
populations provides insight into the mechanism of the distor-
tion [50], [51].

B. Case Two: Iterated Prisoner’s Dilemma (IPD)

The large body of research concerning the IPD provides other
case studies. The (one-shot) prisoner’s dilemma (PD) [52] is
a well-known 2 2 symmetric variable-sum game; the payoff
structure of the PD game is identical to that of the Hawk–Dove
game with in that one of the game’s two pure strategies
dominates the other (see Sections IV-C and V). (Of course, the
PD and Hawk–Dove games are differentiated by other aspects
of their payoff structures that do not concern us in this paper.)
In the case of the PD game, the Defect strategy always obtains
a higher cumulative payoff than Cooperate regardless of how
many defectors and cooperators exist in the population. A very
different situation can be obtained in the IPD, which is a game
where each pairwise interaction between two players consists of
a sequence of PD rounds; the number of possible pure strategies
of the IPD game grows superexponentially in the number of
rounds. A finite collection of IPD strategies (such as might exist
in a real-world coevolutionary algorithm’s population) is known
to be able to have polymorphic equilibrium attractors [53].

In his seminal evolutionary investigation of the IPD, Ax-
elrod [54] uses a selection method that has discontinuities
similar to those we find in this paper (this selection method is
also used in later work [55]). Agents with cumulative scores
within one standard deviation of the population average each
receive one offspring; those whose scores are more than one
standard deviation above average receive two offspring, and
those more than one standard deviation below average receive
none. Clearly, this method performs a sorting operation that
loses information about payoff convergence. This method is
in contrast to proportional selection (i.e., the standard EGT
framework) which Axelrod [52, pp. 50–51] uses to analyze his
earlier computer-tournament results. (Because the notion of
standard deviation is not particularly meaningful for a popu-
lation composed from just two strategies, we will present our
results obtained from Axelrod’s selection method elsewhere;
the method cannot converge onto polymorphisms.) In other



598 IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 9, NO. 6, DECEMBER 2005

work, Meuleau and Lattaud [56] use both and propor-
tional selection in their IPD experiments; they note dramatic
differences in their results that are consistent with ours.

XVI. EXTENSIONS: HIGHER-DIMENSIONAL SYSTEMS

Our investigations above are confined to a single population
and the smallest possible game (i.e., two strategies). What gen-
eralizations can we make from our results? What happens if we
add more strategies or use two populations? We are engaged in
new work to answer these questions in detail. Nevertheless, we
can say the following about such higher-dimensional systems.

A. Larger Polymorphic Equilibria

First, selection methods such as truncation, ,
and ranking cannot converge to a polymorphic equilibrium, re-
gardless of the number of strategies involved in the game (or the
polymorphism). The reason is that each of these methods op-
erates by first sorting the population according to their scores.
Once the sort is complete, the scores are discarded and only
ordinal information is used in the remainder of the selection
process. At least two issues arise as a result. To begin, the result
of sorting is undefined in the case of ties; how will the agents be
ordered if the population is at score-equilibrium? The selection-
method definitions we present in (8), (10), and (14) implicitly
account for ties by defining the fixed-point at to exist (albeit
as a singularity). Without appropriate modification, standard
sorting methods will not maintain this fixed-point. Even if
is accounted for, the ordinal result of sorting throws away infor-
mation about how similar the agents’ scores are. Sorting makes
these selection methods insensitive to the process of score con-
vergence, leaving a discontinuity at . At best, these methods
can only provide a cyclic orbit around . (With an infinite
population, the radius of the cycle around can be made ar-
bitrarily small with truncation, , and selection,
but only by using very weak selection pressure; in a real-world
coevolutionary algorithm, finite population size limits the min-
imal radius. Also, weak selection pressure slows convergence.)
Increasing the number of strategies in a polymorphic equilib-
rium does not smooth the intrinsically discrete result of sorting.

Next, some observations on chaotic behavior. Preliminary
experiments show that, as the number of strategies in a poly-
morphic equilibrium increases, Boltzmann selection requires a
stronger selection pressure to be driven to chaos. For example,
we can obtain chaotic behavior from a game that has a single
polymorphic attractor involving 30 strategies if ;
we obtain a limit-cycle at , and convergence onto a
fixed-point at . (While these selection pressures are
well outside of “normal” limits, we must remember that much
more reasonable values of produce undesirable effects if the
polymorphism is small.) Preliminary experiments also indicate
that truncation selection becomes prone to chaotic behavior
at weaker selection pressures as the number of strategies in
a polymorphism increases; cycles and non-Nash fixed-points
are also easily observed. Thus, our evidence suggests that the
phenomena we present in this paper are not peculiar to our 1-D
maps.

B. Two-Population Dynamics

EGT is easily extended to accommodate two populations.
The process of complete mixing now requires that each agent
in one population interact with each agent in the other popu-
lation. Agents accumulate payoffs over all interactions. After
agent interaction is complete, selection operates on each popula-
tion independently. Unlike the single-population case, two-pop-
ulation systems do not have polymorphic attractors under the
standard (i.e., proportional) replicator dynamics [4]; the poly-
morphic equilibria we study in this paper remain, but are now
unstable. Instead, each population converges to a monomorphic
fixed-point. In our Hawk–Dove game, one population will con-
verge to all-Hawks while the other converges to all-Doves. This
outcome is also a Nash equilibrium: if one player uses Hawk and
the other Dove, then neither has incentive to unilaterally switch
strategies.

We can already see that some of our 1-D results apply to this
two-dimensional (2-D) system. Truncation selection at
provides an easy example. Assume a game with
and proportions of Hawks and in populations one and
two, respectively. If at time we have
(where may or may not equal ), then both populations will
converge to all-Hawks in the next time-step—clearly, not the
asymmetric Nash equilibrium we expect. Finally, note that, if
the two populations have identical initial conditions, then the
dynamical system collapses down to one dimension and acts as
if we had only a single population; all of our single-population
results apply in this special case.

XVII. CONCLUSION

We use EGT to investigate selection dynamics in coevolu-
tionary algorithms. We focus on symmetric variable-sum games
that have polymorphic Nash equilibria. The behavior of the stan-
dard EGT framework, which uses proportional selection, is well
studied [4]–[7]; in particular, all point attractors of proportional
selection are Nash equilibria, though not all Nash equilibria are
attractors. Using the dynamics of proportional selection as a ref-
erence, we contrast the behaviors of several commonly used se-
lection methods. The methods we examine are truncation selec-
tion, , Boltzmann selection, linear ranking, and
two forms of tournament selection. None of these alternative
selection methods (save for Boltzmann) can converge onto any
polymorphic Nash equilibrium; further, truncation, , and

selection can have point attractors that are not Nash
equilibria. Table I summarizes our results.

Our results are obtained in a simple deterministic framework
by the operation of selection alone, without the additional
complications introduced by stochastic processes (e.g., genetic
variation for search, and random sampling in finite populations).
Boltzmann selection is the only method we test that produces
a smooth map; the other selection methods produce maps
that are piecewise linear or piecewise smooth. In particular,
these other selection methods are discontinuous at polymor-
phic Nash equilibria; further, for most of these discontinuous
methods, polymorphic equilibria become fixed points only if
we appropriately define the result of sorting in the presence
of ties. Even if we take such care, polymorphic equilibria
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TABLE I
SUMMARY OF RESULTS

are singular points—the discontinuous selection methods fail
unconditionally to have polymorphic Nash-equilibrium attrac-
tors. Instead, we find point attractors that lack game-theoretic
justification (i.e., are not Nash equilibria), cyclic behavior, or
chaos. In contrast, Boltzmann selection leaves the polymor-
phic Nash-equilibrium attractor intact, provided that selection
pressure is sufficiently low. For higher selection pressures,
attracting limit-cycles and chaos arise.

Our results show that selection methods cannot be moved
wholesale from evolutionary to coevolutionary frameworks
without careful consideration. The selection methods we inves-
tigate prevent a coevolutionary algorithm from converging onto
polymorphic Nash equilibria, even in a highly idealized setting
where we have noiseless evaluation (payoffs), an infinitely
large population, and the entire search space is known. Thus,
if these selection methods cannot find game-theoretic solutions
(specifically polymorphic Nash equilibria) when all the neces-

sary resources are provided, their ability to do so in real-world
settings is dubious. (For example, the results of [16], [24], [49]
exemplify how additional realism fails to improve the behavior
of truncation selection in the Hawk–Dove game.)

A coevolutionary algorithm can be used as a problem solver
or as a model of some other dynamical system; our results are
meaningful for both cases. With respect to problem solving, all
search problems have associated solution concepts that define
the properties of the solutions we seek (without stating what
the solutions are). Though intrinsic to search problems, solution
concepts must be implemented by search algorithms. The dis-
covery of a solution entails a dynamic adjustment (e.g., search)
process. The calibration of the dynamical process to the in-
tended outcome is, therefore, crucial [47].

In this paper, we show that several common selection
methods are not “calibrated” to the Nash-equilibrium solution
concept. Specifically, we show that polymorphic Nash equi-
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libria are problematic. In so doing, we reveal (to our knowledge)
a previously unrecognized pathology associated with coevolu-
tionary methods. (We admit the possibility that the action of an
ill-calibrated selection method can be counterbalanced by the
action of other algorithm components, for example, those that
concern variation or diversity maintenance. Nevertheless, such
an approach appears far less reliable than simply building upon
a properly calibrated selection dynamic.) The pathologies we
illustrate are relevant, for example, to many IPD investigations
that use coevolutionary methods. All coevolutionary algorithms
implement some solution concept, either by design or accident.
If we construct or use a coevolutionary algorithm without
cognizance of the solution concept actually implemented by the
algorithm, then we cannot reliably differentiate an unexpected
result from algorithm dysfunction.

With respect to modeling, our results highlight the need for
fidelity in implementing selection. All of the selection methods
we examine share identical attractors in the case of payoff struc-
tures with positive feedback (see Section IV). This fact may
lead us to believe that selection methods are to some degree in-
terchangeable; indeed, they are all mutually consistent in their
mapping from evaluation score to reproductive success (see Sec-
tion I). Nevertheless, we find that polymorphic equilibria with
negative feedback structures cause the selection methods we
examine to exhibit very different behaviors—even within our
greatly simplified coevolutionary framework. These selection
methods are therefore not as interchangeable as we might oth-
erwise believe. Thus, even if the operation of selection is not
a focus of our modeling effort, we must exercise care to im-
plement it faithfully. Our results show that coevolutionary dy-
namics are highly sensitive to the implementation of selection.

Finally, our investigation of selection dynamics reveals un-
expected connections with maps studied in the dynamical sys-
tems literature [21], [25], [57]. Boltzmann selection follows the
well-known period-doubling path to chaos as selection pressure
is increased. Truncation, , and selection (with

) are identical to the binary shift map.

APPENDIX A
PREIMAGE OF A MAP

Given a map , let denote the map’s preimage
such that . That is, the preimage of a
point , with respect to the map , is the set of points that go
to when acted upon by the map. Just as we can iterate a map,
so too can we iterate the preimage. Let denote the th
iterate of the preimage such that .
Finally, let denote the set of points such that, for each
point in the set, there exists some value of , where

.

APPENDIX B
LIAPUNOV EXPONENT

The Liapunov exponent of a dynamical system is a measure
of the system’s sensitivity to initial conditions, and is, there-
fore, an indicator of chaos. For systems that converge to fixed-
points or limit-cycles, we obtain . Typically, approaches

zero as a dynamical system nears a period-doubling bifurcation
point. Values indicate chaos.

As discussed in [21], we approximate the Liapunov exponent
with . Starting at time (where

is suitably large to allow the initial transient to pass), we sum
the natural log of the absolute value of the derivative at each
point on the map that our orbit encounters; we then divide by
the number of time-steps to get an average. For the Liapunov
values we report in this paper, we use and 10 ;
the histograms of population states visited in chaotic orbits do
not include the initial transient of 5000 time-steps.

APPENDIX C
DETERMINING STABILITY IN HIGHER DIMENSIONS

This appendix reviews a standard test that can be applied
to any differentiable, multidimensional map to deter-
mine its stability properties [58]. This test is based on the
Hartman–Grobman theorem, which allows us to treat a system
as if it were linear in the vicinity of the fixed-point. By doing
so, we can apply the simple stability tests of linear maps to the
fixed points.

Given a symmetric game of strategies, our selection
function is a map with dimensions. Let

be a fixed-point of our map, such that
. To calculate the stability of this fixed-point,

we first linearize the system by calculating its first derivative at
. Because our map has more than one dimension, we need

to calculate its Jacobian matrix

...
. . .

... (26)

where is the partial derivative of map variable
with respect to variable .

The test for convergence is to check whether the (potentially
complex) eigenvalues of the Jacobian fall within the interior
of the unit-circle on the real-complex plane; that is, we check
that the real and complex parts of have absolute values less
than one. If all eigenvalues fall within the unit circle, then the
fixed point is stable. If one of the eigenvalues falls outside, then
the fixed point is unstable.

To gain some intuition about this test, consider a 1-D map,
such as proportional selection in Fig. 2. This map contains a
stable fixed-point, such that if we iterate the map from a point
near the fixed-point then we will converge onto the fixed-point.
Why do points in the neighborhood of the fixed-point converge
onto it? Take an initial point at an offset from the fixed point,

, close enough to the fixed point that we can treat
the map as linear. The linearization of the map in the region of

allows us to approximate the map as
, where corresponds to the slope of the map at the fixed

point. An iteration of the map has the effect of multiplying the
offset by the slope

. If , then application of the map will cause
to be closer to than . Therefore, multiple iterations of the
map cause the offset to be multiplied repeatedly by the slope,
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, and (if ) bring it closer and closer to
the fixed-point.

Thus, the test for a 1-D map is whether the absolute value of
the derivative at the fixed point is less than one. The multidimen-
sional test is based on the same convergence properties as the
1-D case. In a way, taking the eigenvalues of the Jacobian ma-
trix is equivalent to breaking the multidimensional system down
into constituent 1-D systems, where each eigenvalue represents
the rate of change (derivative) of each 1-D degree of freedom
of the multidimensional system. These eigenvalues can be com-
plex numbers, rather than reals. Nevertheless, the test stays the
same in the sense that we still test whether multiplying an offset
by an eigenvalue will shrink the offset. Thus, in the multidimen-
sional case, the test becomes whether all the eigenvalues’ mag-
nitudes are less than one.
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Errata

Equation (16) should read:

(

pEQ

2 − pEQ

,
2pEQ

1 + pEQ

)
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