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Abstract This paper presents results from re-running those
experiments for 30 runs for each data point and shows the

This paper gives additional data for experiments presented fff€Cts with more clarity. _ .

previous work on hierarchically consistent test problems. The 1he following section reviews the definition of H-IFF
experiments utilize Hierarchical-if-and-only-if (H-IFF), the and the parameters by which it may be generalized.
basic example of a hierarchically consistent building-block>€ction 3 describes other variations of the problem that
problem, and several variants of H-IFF designed to enable t@‘fect difficulty. Section 4 describes the experiments and
difficulty of the function to be ‘tuned’. We review the H-IFF 9ives the new results.

function and its variants, and give data showing the

performance of the regular GA and a fitness-sharing GA fop Hierarchical-if-and-only-if (H-IFF)

various parameters affecting difficulty. . _ . o .
In a hierarchically consistent problem, finding the solution

. to the whole problem given the solutions to its constituent
1 Introduction sub-problems, is the same class of problem as finding the

The Building-Block Hypothesis [Holland 1975, Goldberg Solution to a sub-problem given the solutionsstd-sub-
1989] suggests that the GA will perform well when it isProblems.

able to identify above-average-fitness low-order schemata Definition: A problem ishierarchically consistent

and recombine them to produce higher-order schemata of if for some K, the problem of finding good
higher fitness. We suppose that the recombinative process schemata of orddr, given good schemata of order
continues recursively, combining schemata of successively L/K, is of the same class for &llt

higher orders as search progresses. Historically, attempts t0 H.|FE is our basic example of a hierarchically
illustrate  this intuitively ~straight-forward process on consistent building-block problem. The fitness of a string
abstract test problems, most notably the Royal Roagsing H-IFF can be defined using the recursive function,
problems [Mitchell et al 1992, Forrest & Mitchell 1993], given below. This function interprets a string as a binary
have been somewhat perplexing [Forrest & Mitchellyee and recursively decomposes the string into left and
1993b]. Other building-block test problems, for exampleyight halves. Each resultant sub-string constitutes a
the concatenated deceptive functions [Goldberg et alyjding-block and confers a fitness contribution equal to
1989], use only a single level of building-blocks and thusis size if all the bits in the block have the same value -
depart from the original recursive aspects of thesjther all ones or all zeros. The fitness of the whole string

hypothesis. _ o is the sum of these fitness contributions for all blocks at all
Demonstrating the recursive building-block assemblyeyels.

described by the building-block hypothesis requires the use
of a recursive building-block problem. The Hierarchical-if- H 1, if B|=1,
and-only-if (H-IFF) function [Watson et al. 1998] provides f(B)= 0 [B| +f(B) +f(By), if (B|>1) and [i{b =0} or [i{b =1}),
a principled hierarchical structure where any successful H f(B) +1(8B,), otherwise.
algorithm must move from searching combinations of bits, \yhare B is a block of bits, {th,....h}, |B| is the
to searching combinations of low-order schemata, to
searching combinations of higher-order schemata, and so . .
on. This type of problem exemplifies the abilities of the BL_and B are the_ left and right halves of B (i.e.
GA as described by the building-block hypothesis. B={b,,..n.}, B={b,,p-B)). n must be an

Our previous work [Watson & Pollack 1999] has shown  Inteéger power of 2.
how to separate the recursive structure of H-IFF from the Some features of this apparently simple function should
specifics of the problem so that we may generalize thbe highlighted. Each block, either ones or zeros, represents
function and define variations of the problem withouta schema that contains one of the two global optima at all-
loosing the principled structure. We identified variousones or all-zeros. Local optima in H-IFF occur when
parameters that affect the difficulty of the problem and
conducted initial experiments. The data presented in the[Watson & Pollack 1999] uses “length L” in this défion but
original work was preliminary and shows some anomalies.“order L” is more correct.

size of the block=n, bs the ith element of B, and




incompatible building-blocks are brought together. Forcompatible varieties of block form solutions to the blocks
example, consider “11110000"; viewed as two blocksat the next level. Thus, although the fitness contributions
from the previous level (i.e. size 4) both blocks are good are indistinguishable, these varieties of block are different
but when these incompatible blocks are put together theip terms of how they interact with one another. We must
create a sub-optimal string that is maximally distant frontherefore define the interactions of blocks separately from
the next best strings i.e. “11111111" and “00000000"their fitness contributions. Additionally, we wish to
However, although local optima and global optima areseparate the specifics of the problem from the general
distant in Hamming space, they may be close imecursive structure. These two separations produce the four
recombination space [Jones 1995] given that the populatidanctions given in Figure 1.
contains both “11110000” and “00001111” individuals. f andt are base functions that define the specifics of the
Thus H-IFF exemplifies the class of problems for whichproblem in terms of a single block.and T are recursive
population-based recombinative algorithms are well-suitedconstruction functions that uéendt to define a consistent
Our previous work [Watson & Pollack, 1998] showedfunction for a whole hierarchy of blocks. In fact, these
that H-IFF is easy for a GA to solve given that diversity infunctions are a generalization of H-IFF that permits any
the population is maintained and genetic linkage is tightaumber of sub-blocks per blocK, and any alphabet. The
Diversity maintenance methods are addressed in this papsglution to any block i& symbols of the same type hence,
and algorithms to address poor linkage are addressed timne overall function may be called H-Equal. H-IFF is
[Watson & Pollack, 1999b]. simply the special case of H-Equal where blocks are
2.1 Generalizing H-IFF assemb_led pairwise, and the alphabet is binary.

’ ; _ o t defines the useful blocks to be any block where all the
Although H-IFF is a simple function in itself, and easy tosymbols are the same, and it returns the variety of block
describe, it is desirable that we be able to generalize thfat has been formed. For any other case it returns “null”
function - to create variants that have different propertiegepresenting a non-solutiohthen states that any non-null
and different degrees of dlfflCU'ty To do this will require Symb0| is desirableT usest to recursive|y determine
us to separate different aspects of the function. whether a block of any size is a solution. And finaRy,

Notice that in H-IFF there are two solutions to eachyives the overall fitness of a string by summing the fitness
block, all-ones and all-zeros, and these two varieties ddontributions of all blocks scaled for their size.

solution receive equal fithess contributions. Only

General recursive functions Problem specific functions
W ; —

_ = (B) ITBI=1, i ifadA
Fltn:a_sbs F(B)=C < fa)= H) othewv}se

ntribu- - .
fong §B|f(T(B))+ Z F(B) otherwise
Building- b if |B|=1, o ifli{a =a},
Block T(B) =0, . t(a,a,...a)=0 .
intc()a(;action ® %(T(Bl), ...,T(BY)) otherwise (88 3) fhull - otherwise

Figure 1. Separating the general recursive structure of H-IFF from problem specific details, and the
interaction of blocks from the fithess contributions of blockss a base functiorf;a - [, giving

the fitness of a single symbaljs a base functiort;a“- a, that defines the resultant symbol from a
block of k symbolsa is a symbol from the alphabAt F and T are recursive functions that uke

andt to define the fitness contributions and transforms of a whole hierarchy of blocks. |B| is the
number of symbols in B, and B the I sub-block of B i.€.b;_yq,s,..., b} (d=IB|/K).

recursive construction functionsr and T, are used
. . . o unchanged together with these base functions to complete
3 Hierarchically Consistent Variations the definition of each variant probleif.andT, ensure that
Separating the recursive structuré and T) from the the resultant overall problem is hierarchically consistent.
specifics of the problemf (andt) in the above manner  Candidates for varying difficulty in hierarchically
enables us to generalize from H-IFF and H-Equal to othegonsistent problems include: varying the difficulty of the
hierarchically consistent problems. This section define®ase function by changing the alphabet size, S, or the
alternate base functionsandt, and discusses the featuresnumber of symbols per block, K; changirfg,the fitness
they produce in the overall problem. In all cases th&ontributions of schemata; and changitgthe nature of



the interaction of blocks from one level to the next. Thereonstant. S, on the other hand, provides a more clear-cut
are many other ways in which hierarchically consistenincrease in difficulty, as our experimental results show.
problems could be varied including real-valued models33 Bias

and models with less strict partitioning between blocks:™
Here we are just beginning to explore some simpldl-IFF uses competing schemata for each building-block,

variations. similar to those found in deceptive trap functions
_ [Goldberg et al. 1989]. Following the lead provided by trap
3.1 Cross-Sections functions we may bias one of the two competing schemata,

To help us in obtaining an intuitive feel for the variationsthat is, define one to have a lower fitness contribution than
that follow, we employ cross-sections through the fitnesshe other. Deb and Goldberg [1992] analyze deception in a
landscapes they define. In particular, we choose a sectidrap function in terms of the ratio of fithess contributions
from all zeros to all ones. For example, see the curvéor the desired schema and the competing schema. Their
labeled ‘hequal-2’ in Figure 2c - this curve is identical toanalysis concerns only a single trap function rather than a
that for H-IFF. The first point on this cross-section is thehierarchical structure, and it is assumed that only one of
fitness of the all zeros string for a 64-bit problem; thethe two competing schemata is tteal solution, the other
second point is the fitness of a string starting with a singles merely a distraction. However, we can still investigate
1 and followed by 63 zeros; the third, 2 leading ones anthe effect of this ratio in H-IFFf-bias, given below,
the remainder zeros, and so on. Note that in the original Hoperates on a binary alphabet and K=2, as per the original
IFF the two ends of this section (i.e. all ones and all zerog)-IFF, but unlike the canonical H-IFF the two competing
are the global optima, and that the best local optima are ablutions for each block are not rewarded equally. Without
half ones followed by half zeros or vice versa. A point withloss of generality, we will keep the fithess of the ones
this second-best fithess therefore appears in the middle bfocks at 1, and decrease the fithess of the zeros blocks to
the section. The recursive aspect of the functions are cleaome value B, [0, 1]. This will have the effect of making
in these sections; each half section is to the whole sectimne of the previous two global optima into a unique
as each quarter section is to the half section. Althougbptimum and depressing the other. We shall refer to this
illuminating, we must be cautious in the use of thesalepressed point as tigeobal complemersince it is the bit-
sections. We are showing only 65 points out of a tofal 2 wise complement of the global optimum. Hierarchical
and only 33 local optima are evident out of a totaf 2 consistency will dictate that the ratio of the fitness of the

. global complement to the fitness of the global optimum
3.2 Varying N, Kand S will be the same as the ratio of the competing and preferred
The sections for H-Equal shown in Figure 2c include thgolutions to each block - i.e. B (this is seen in the
section through H-IFF, K=2, as well as K=4 and K=8 for ajandscape sections that follow). Thus we will also refer to
64-bit problem. K, and the alphabet size, S, give us twehe bias value, B, as tlempetition ratio
parameters for varying the difficulty of each sub-problem

f o1, ifa=1,
in the overall problem. Of course, we can also vary the f.bias(@)=1 B, ifa=0
overall size of the problem, N (N must be an integer power q O, other\;vise

of K).

The number of solutions to each block in H-Equal is S. Since the preference for schemata that contain the
And the number of possible combinations of symbols irglobal optima is expressed at all levels we expect that
each block is '§ We will expect therefore that the biasing will make the problem easier. Figure 3a shows
difficulty of a problem will increase as S or K increase assections through the H-IFF landscape for various values of
in either case the ratio of solutions to possibleB. We see that as the competition ratio approaches O,
combinations decreases. All other things being the sam@here there are no competing schemata, the problem
an increase in the difficulty of the base problems willshows no local optima. This case is similar to the Royal
increase the difficulty of the overall problem. However, ifRoads problem mentioned earlier, where only one variety
we keep N fixed then varying K has a side-effect.of block is rewarded - like the second variety of Royal
Specifically, the number of hierarchical levels in theRoad problems, R2, there are bonuses for pairs and
problem decreases. We will expect that the difficulty of theadditional bonuses for fours, etc. Intermediate values of B
overall problem will increase with the number ofindicate that, because ones are favored consistently
hierarchical levels. Thus the effect of increasing K,throughout all levels, the fitness landscape is merely tilted
although it surely increases the difficulty of each subtoward all ones.
problem, decreases the levels of recursion, assuming N $4 H-XOR and biased H-XOR

2 Any string with a “01” or “10” block in H-IFF is not a local When exploring the space of hierarchically consistent
optima as it can be mutated to “00” or “11”, which confersProblems, it is important to ensure that the transform of a

higher fitness, in one bit-flip. However, any string consisting of2l0CK is @ non-separable function of its arguments. If this
concatenations of equal pairs (“00s and “11”s in any order) ardvere relaxed then, since the functions are hierarchically
local optima since all one-bit mutations decrease fitness. Thefgonsistent, the entire problem would be separable. Logical

are 32 bit-pairs in a 64 bit problem, and two kinds of pair,if-and-only-if, the base function of H-IFF, is one of only
therefore there aré“docal optima. two non-separable functions of two bits that returns a value



in the same alphabet. The other is logical exclusive-or1000; exponentially scaled rank-based selection (scaling
XOR. Other functions have either only one solution or ardactor p=0.01); elitism of 10% (best 10% are transferred to
dependent on only one variable. XOR is the exact negatidihhe next generation unchanged); two-point crossover
of IFF, and as such, substituting a transform function baseapplied with a probability of 0.3; bit-wise mutation with a
on XOR instead of IFF, to produce H-XOR, yields nothingprobability of 2/64 of assigning a new random value to
interesting, in itself. H-XOR, resulting frot’XOR defined  each gene.

below, has exactly the same properties as H-IFF except the Our earlier work demonstrated that a regular GA
solutions are recursively dissimilar at all scales instead dfucceeds easily on H-IFF with the proviso that diversity in
similar at all scales. For example, solutions for an 8-bit Hthe population is maintained. We use a diversity

XOR are “10010110” and “01101001". maintenance method using a resource-depletion model
0 1, ifa=1and b=0, [Watson et al 1998] - a resource is associated with each

t-XOR(a,b)=H 0, if a=0 and b=1, solution to every block at every level in the hierarchy. The

H null, otherwise. resource model is a form of implicit fitness sharing - rather

_ _ _ ) than limit available fitness to the best individual (in a
_However, t-XOR is more interesting when combined sample of the population) for each sub-problem, the
with f-bias. The combination produces a problem where 1$esource model gives most fitness to the first individual to
are favored over 0s but, since Os are also required, the Gyjve a sub-problem and less to the second, etc. This is a
cannot be permitted to converge on just 1s. The result @fore suitable form of fitness sharing for problems where
varying the competition ratio in H-XOR is indicated in the sub-problems do not have ‘degrees’ of solution. The
Figure 3c? We see that although B=1 in H-XOR is the resources method uses considerable domain knowledge and
same as B=1 in H-IFF the affect of competition ratios lesgccordingly it is not intended as general method of fithess
than one is quite different. One interesting feature is thadharing. However, it is illuminating in examining the

the fitness of the global-complement for B=0 is not zero, agperation of the GA and in particular the requirement for
it is in H-IFF, but approximates an average value of thejyersity in the population.

section. Also, there are certainly still local optima. In all cases the algorithms are run for 300 generations
and we examine the best string in the last generation. Each
4 Experimental Results point is averaged over 30 runs of the experiment. Since the

_ 3 _ ~ fitness of strings changes in the different variants of the
We have identified the following parameters for affectingproblem it is not meaningful to compare fitnesses. Instead

the difficulty of hierarchically consistent problems: we shall compare the sizes of the biggest all-ones block

N, size of the problem, i.e. number of bits (or symbols). discovered. In the case where we vary N, we shall show the

S, alphabet size. size of the largest block discovered as a proportion of the

K, number of sub-blocks per block. largest possible block i.e. size/N. And in the case where we

B, bias, or competition ratio (ratio of fitness contributions of Vary the alphabet size S, we will show the size of the
competing schema and preferred schema). biggest block of all the same symbol.

We have also defined the variation H-XOR where thed.1 Results

effect of bias is not likely to make the problem easy in th‘Figure 2 shows the performance of the GA, with and
same way as it does in H-IFF. [Watson & Pollack 1999yithout fitness sharing, on various N, S and K, (in addition
began an experimental explorathn of _the variants defineg, the sections through various K, mentioned earlier.)
above. Some of the results given in that work wergsgyre 2a shows performance on H-IFF for N=16, 32, 64,
inconclusive since the data was collected for only one rupsg and 256, (K=2, S=2). The first observation is that there
of each parameter setting. Here we present results for the 3 general decline in performance with increasing N, as
same experiments averaged over 30 runs per data poigkpected. Also not surprising is that the algorithm with
The original data showed the performance of threginess sharing performs best. The regular GA performs
varieties of fitness _sharlng in addition to the basic GApOOHy; it only succeeds reliably for N=16. We shall have
With the new data it became clear that two of the fithesg, make the problem easier than the canonical H-IFF to see
sharing methods showed no significant improvement ingequate performance in an algorithm without diversity
performance in comparison to the GA without fitnesSmaijntenance. Figure 2b shows performance on H-Equal for
sharing. Therefore the mejchodjs referre_d_to as “ml_nlmungzz through 8 (N=64, K=2). Again it is not surprising that
resources” and “co-evaluation” in the original experiment§ncreasing S decreases performance. Again we see that
are omitted from the following results, and only the GAftitness sharing improves performance. Figure 2d,
with no fitness-sharing and full fithess-sharing are shown. performance on H-Equal for various K (S=2, N=64), is
The basic GA (as in [Watson et al 1998] and in [WatsOfinore interesting. It shows that when diversity in the
et al 1999)) is a generational GA with a population ofsopylation is maintained, increasing K up to 8 does not
] ] ~ prevent the GA from finding the global optimum - more
3 Since the global optima for H-XOR are the recursivelythan half the runs find the 64 bit blocks with K=8.

substitute  the  beginning of the global-complementincreases problem difficulty.

“10010110..." into its global optimum “01101001...".
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Figure 3 shows the sections and the performance of
H-IFF and H-XOR for various competition ratios, B=0.0,
0.2, 0.4, ...1.0. [gure 3b shows the performance on
biased H-IFF. Recall that B=1 is the same as the original
H-IFF and B=0 means that there are no competing
schema. Figure 3b shows that the problem is indeed
easier at low values of B; even the GA with no fitness
sharing succeeds for low values of the competition ratio.
Only as B approaches one and the competing schemata
confer equal fitness contributions does the
interdependency in H-IFF make the problem hard for the
GA, and distinguish the abilities oGAs with and
without fitness-sharing. Figure 3d shows the
performance on H-XOR with various competition ratios.
We see that the effect of changing B in H-XOR is quite
different from the effect of changing B in H-IFF.
Specifically, even B=0 does not make the problem easier
for algorithms that do not maintain diversity: the GA
without fitness sharing is uniformly defeated whereas the
GA with fitness sharing is uniformly successful as
before.

In conclusion, we have introduced several variations

of hierarchically consistent problems. These enable us to
begin to “tune” the difficulty of hierarchically consistent
building-block problems.

The experiments indicate that the basic GA without
diversity-maintenance can succeed on hierarchically
consistent problems only in the case where simple
biasing means that only one type of block is required.
However, in the limit where there are no competing
schemata, there are also no local optima and therefore
this class of problem can also be solved by a hill-

climber. As competing schemata become more
significant some form of diversity maintenance
mechanism is required to prevent premature
convergence.

We have also seen that the affect of this biasing on
the whole problem is dependent on the way in which
solutions from one level transfer to solutions at the next.
In H-XOR, we treat both of the competing schemata as
required parts of the solution (instead of treating one as a
simple distraction as in deceptive functions). In this case
we find that changing the competition ratio does not
affect the overall problem in the same way.
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